[MICRO-450] Basics of robotics for manipulation October 2, 2024

Exercise set 3 — Kinematics — Solutions

Reminders

Simplified notation of sines and cosines
To simplify the notation, we use:

e sin(6)=s

e cos(f)=c

e sin(61) =51

e cos(O1)=c1

e sin(62)=s2

e cos(02)=c2

e cos(01+62)=c1+2

e sin(01+62) =51+2

Rotation and translation matrices

Recall that:

R(f) = (2 CS) describes the rotation of 8 around the origin (in 2D)
e  Rx(0) describes the rotation of 8 around the axis x

e Ry(0) describes the rotation of 6 around the axis y

e  Ry(0) describes the rotation of 8 around the axis z

o t= (:’) describes the translation vector t

y

Sequence of transformations

The sequence a — b — c¢ describes the transformation a followed by the transformation b followed by the
transformation c.

Quaternions

The quaternion Q:

: A . ,
Q= N (;)/\DH/\ﬁJAyHy\Z
Az

describes a rotation with a rotation axis A and a rotation angle 6 such that Ao = cos (6/2) and A = sin(6/2)[x,y,z]"
with ||[xy,z]||=1.

Scalar product:
U - U= |ul|v|cos(u, V)
Cross product:
Uy Vy Uy U, — Vylly
Letu = (%;) and v = (Uy). Thenu X ¥ = <vxuz - uxvz>

U, v, Uy Vy — Uyl
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Exercise 1

Find the matrices of pure rotation around the three axes of the Cartesian system:

1. Rxaround x.
2. Ryaround y.
3. Rzaround z.

Solution 1

We start by drawing the rotations in Cartesian frames; in blue - the initial coordinate system, and in red - the final

coordinate system, in order to write the generic rotation matrix:

£r
il L

(a) rotation around x (b) rotation around y

The generic 3D rotation matrix is written as:
Xy. X1 Y3.%Xq1
R=|X.y1 Y2
X5.Z1 Y2-Z1

By calculating each scalar product, we obtain:

o
o
val

2. Ry=|0 1

o O wm

W
EU
I
o
[}

= o O

Exercise 2

Consider the following two sequences of operations:

Y2
U1

s
Zz.xl
et
Z2-)1
=
7.7,

R.(90°) - Ry(90°)
Ry(90°) d Rz(goo)

g -y
Y1

(c) rotation around z

Give the rotation matrices corresponding to these sequences. Are they equivalent?
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Rg = RZ (QOO)Ry(QOO) = Sgp° Cop°
0 0 1

Solution 2
We calculate the rotation matrices for the two sequences:
Cgp° 0 Sqgo° Cgp° —Sgp° 0 001
R; =R, (909)R,(90)=| 0 1 0 s cor O =1[1 0 0
—S8gg° 0 Cgge 0 0 1 01 0
Cgp° —S8o9p° 0 cgp° 0 Sgp° 0 -1 0
0 0 1 0 =10 0 1
-1 0 0

—S8og0°

Therefore, these two sequences are not equivalent!

Exercise 3
Consider the two sequences from the previous exercise:

R2(90°) - Ry(90°)
Ry(90°) - Rz(90°)

For each of the two sequences, determine graphically by iteration the result of the sequence using an object
oriented in a Cartesian coordinate system in isometric projection, as in the figure below (‘b’ and ‘c’ are to be
completed by you):

z zZ Z

T y T Y x Y
(a) object in initial position (b) object after Rz(90°), (c) object after Rz(90°) =Ry(90°),
to be completed to be completed
z z Z
T Y T y T y
(b) object after Ry(90°), to (c) object after Ry(90°) =Rz(90°),
to be completed

(a) object in initial position
be completed

3/10



[MICRO-450] Basics of robotics for manipulation October 2, 2024

Solution 3

Be careful, rotations are not linked to the body frame!

By iteration, we find:

Z z z

(a) object in initial position (b) object after Rz(90°) (c) object after Rz(90°) »Ry(90°)

Figure 2 - First sequence : Rz(90°) — Ry(90°).

(a) object in initial position (b) object after Ry(90°) (c) object after Ry(90°) =Rz(90°)

Figure 3 - Second sequence: Ry(90°) = Rz(90°).
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Exercise 4

Find the matrix of direction cosines for a rotation with an angle 0 around an axis k, which is in the yz plane and
which is inclined by an angle ¢ with respect to the axis z, i.e find the rotation matrix corresponding to this
transformation. Hint: use a sequence of basic rotations (Rx, Ryor Rz).

Solution 4

To find the solution, we perform a first rotation of angle ¢ around the axis x in order to align the axis k with the axis
z, then we rotate by 6 around the axis z, and finally we rotate by an angle -¢ around the axis x to "return" to the
correct frame of reference:

R = R, (—¢)R.(0)Rx(¢)

1 0 0 cg —sg 0 1 0 0
=10 ¢y —sg sg cg O 0 cp —sp
0 s_p c_g 0 0 1 0 ss cq

co —86Cy 5084
= | secy cécg + sfﬁ cypSs(l—ca)

—36Sg  CeSe(l—cg) sicg + 2

Exercise 5

Consider the two sequences of exercises 1 and 2:

R2(90°) - Ry(90°)
Ry(90°) - Rs(90°)

For each of these sequences:
1. Determine the resulting corresponding quaternion.
2. Deduce:
(a) the corresponding angles of rotation.

(b) the corresponding unit axes of rotation.
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Solution 5

1. We start by calculating Qyoo-and Qzs0-, the quaternions corresponding respectively to Ry(90°) and Rz(90°) :

For Qyoo, we have:

— 0y =90° — cos(fy/2) = sin(fy/2)

ol
8]

V3 (°
5 (1 (Ayis the axis of rotation whose norm is sin (6,/2))
- \0

)

— /\y(] = (‘OS(H‘W‘IQ) = 5

And finally:

1
Ap) _ V2 [0
Q= (3) =5 |
yo0 A'y 2 1
0

For Qz90°, we have:

— 60, =90° — cos(,/2) = sin(f. /2) = Q

5

0
2
— A= 4 (O) (Azis the axis of rotation whose norm is sin (6,/2))
- \1
9
— X0 =cos(f,/2) = %

And finally:

[ R]
= o O -

We notice that the two quaternions are unitary (the opposite would have been surprising).
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We then calculate the two sequences by multiplying the quaternions (product which is of course non-
commutative):

First sequence: Rz(90°) = Ry(90°)

Q1= Qy90°Qz90

Ayl))\:l) - Ay ’ A::
B AyOAz + )\zﬂAy + Ay X Az

Second sequence : Ry(90°) = Rz(90°)

Q2 = Qz90°Qy90°

— Az())\y(l - Az ° Ay
A20Ay + AgoAz + Az X Ay

The two resulting quaternions are unitary as expected.

2. (a) The calculation of the angles is given below:

First sequence: Rz(90°) = Ry(90°)
#, = 2arccos (A1) = 2arccos (1/2) et ¢, = 2arcsin (||A1]]) = 2arcsin (ﬁ/?)

2
=0, = ?rad =120°

Second sequence: Ry(90°) = Rz(90°)

fy = 2arccos (A2 o) = 2arccos (1/2) et 3 = 2arcsin (|| Az||) = 2 arcsin (\/3/2)
2m
=0, = ?rad =120°

(c)

Obtaining the (unitary) axes is as follows:

First sequence: Rz(90°) = Ry(90°)
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Kk =

Second sequence: Ry(90°) - Rz(90°)
Az

= sin(6,/2)

1 -1

1
V3

Exercise 6
Consider an object with vertices A4, B, C, transformed in such a way that its vertices are found at A’, B, C’; the vectors

giving the coordinates of the points are a, b, ¢, a’, b’and c”:
1 0 0
a=|0]lb=(0]c=|1
0 0 0
1 0
b=|-1)c=[-1
1 1

1. Find the rotation (angle and axis) and the translation (offset and axis) corresponding to the transformation.

=

Hint: use a drawing.
2. Deduce the corresponding homogeneous transformation matrix.

Solution 6

Note: There could be several possible rotations and translations to obtain the final configuration. We will
choose one of the axes of rotation and corresponding translation to that one. For example, we could rotate
around the axis z and then translate it to the final position, or we can rotate around a vertical axis passing

through point A and use the corresponding translation.

1. In this solution we will proceed with the second aforementioned example.

z
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By making a drawing, we notice that 4, B and C are on a horizontal plane (z = 0), just like A’, B’and C’(z = 1).
It is therefore necessary to rotate around a vertical axis, then translate by 1 along the axis z.

The points A and A” have the same coordinates x and y, therefore we deduce that the axis of rotation passes
through A. The angle of rotation is found to be 90°.

Finally, there is a translation t of 1 along the axis z, and a rotation R of 90°about a vertical axis passing through
A.

2. ltis possible to find the homogenous matrix by calculating the matrices corresponding to transformations
identified by the drawing. For this, we first calculate the matrix R of rotation around the vertical axis passing

through A and the matrix t of translation of 1 along the axis z.

Then, we build the homogeneous matrices of transformations associated with this rotation and with this
translation, Mzas0-and Mz 1 respectively; finally, we build the homogeneous matrix M of the transformation:

-3
)6 D0-)

The homogeneous matrix of the rotation is therefore:

0 -1
R=R,00°)=[1 0
0 0

- o o

0 -1 0 1
Rt — Rty 1 0 0 -1
Mf:(o 1 ): 000 1 0
0o 0 0 1
The homogeneous matrix of the translation is therefore:
1 0 00
o (T &y [0 100
M*_(o 1)_ 0011
00 0 1
Finally, the homogeneous matrix of the transformation is:
1 0 0 0O /0 -1 0 1 0 -1 0 1
_ ({0 1 0 O}f2 0o 0 —-1}_(1 0 0 -1
M=MM=19 01 1Jlo o 1 0/T{o 0o 1 1
0 00 1/\0 0 0 1 0 0 0 1

We can now verify this transformation, using the homogeneous coordinates (we add an extension factor of 1
at the end of the Cartesian coordinate vector) and the homogeneous transformation matrix:
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1 0 -1 0 1 1
a’ 0 1 0 0 -1 0 a
(1)_ 1= fo o 1 1]]o0 _M(l)
1 0 0 O 1
1 0 -1 0 1 0
b’ -1 1 0 0 -1 0 b
)= =16 o v o] =~()
0O 0 0 1 1
0 0O -1 0 1 0
c’ -1 1 0 0 -1 1 c
(1) 1] o o 1 1o M(1>
1 0O 0 0 1 1

The homogeneous transformation matrix M corresponds well to the described transformation.
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